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Baryon spectrum in a finite-temperature AdS/QCD model
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We propose a model for baryons at a finite temperature using AdS/QCD correspondence. In this
model, we modify the AdS spacetime into the AdS-Schwarzchild spacetime and consider a couple of
bulk spinors in this background. Solving this model, we get an eigenvalue equation for the baryon
masses. We then investigate the effects of temperature on the baryon masses numerically, and find
an interesting temperature dependence. Our result is consistent with the results from lattice QCD
and other phenomenological models.
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I. INTRODUCTION
Quantum chromodynamics (QCD) provides a funda-
mental description of the strong interaction in terms of
quarks and gluons, and has been proven to be consider-
ably powerful in the analysis of high energy experiments.
However, because of its nonperturbative and nonlinear
properties, QCD at low energy is more complicated and
difficult to handle than many other quantum field the-
ories. How to obtain the properties of hadrons theo-
retically from the first principle is still a very difficult
question.
The AdS/CFT correspondence, initially proposed by
Maldacena [1], has shown significant theoretical progress
these past years. This theory states a correspondence be-
tween string theories defined on the five-dimensional (5D)
anti-de Sitter (AdS) spacetime and conformal field theo-
ries (CFT) on the four-dimensional (4D) physical space-
time. A useful fact is its weak-strong duality property:
in the large ’t Hooft coupling limit of quantum field the-
ory, the corresponding high dimensional string theory is
weakly coupled and can be approximated by supergrav-
ity [2, 3], which is more mathematically tractable. As a
result, it provides a powerful new approach to understand
strongly coupled quantum field theories.
The gravity theory that is exactly dual to QCD is
not known yet, as QCD is not a strictly conformal field
theory. However, in the small momentum transfer re-
gion where the QCD coupling is approximately constant
and the quark masses can be neglected, QCD resem-
bles a conformal theory [4] and can be studied using
a gravity/gauge-type model. Especially, starting from
known properties of QCD, one can modify the AdS met-
ric with an IR cutoff and introduce some 5D fields cor-
responding to boundary 4D operators, trying to get a
reasonable gravity theory dual to QCD. This approach is
customarily referenced as “bottom-up” AdS/QCD corre-
spondence. Although it has not been strictly proven yet,
it has been very successful in obtaining general properties
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of hadronic bound states, such as the meson spectra [5–7],
form factors [8, 9], and effective potentials [10, 11]. The-
oretical results agree with experimental data at a roughly
10% level. For baryons, there are also some works [12–14]
addressing mass spectra, heavy quark potentials, form
factors, and other physical quantities. As they belong
to the bottom-up approach, details of their methods and
their results may have little differences with each other.
The AdS/CFT correspondence also has a finite tem-
perature version [15]. In this approach, one consid-
ers an asymptotically AdS spacetime with a black hole,
whose Hawking temperature equals the temperature of
the boundary quantum field theory. Using this idea,
one can generalize the ordinary AdS/QCD correspon-
dence to an AdS black hole/thermal QCD correspon-
dence. There have been some works in this frame-
work on the mass spectra and spectral functions [16–
18] for mesons and glueballs, effective potentials at finite
temperature [19, 20], and the confinement-plasma phase
transition [21, 22].
Baryons with a half-integer spin, especially protons
and neutrons, are important components of our world.
Previous theoretical research on them mainly focused on
the zero temperature case. However, it is increasingly
important nowadays to study hadrons at finite temper-
ature. On the one hand, there are many physical situ-
ations where the temperature is nonzero. For example,
in the early universe or quark-gluon plasma produced by
heavy ion collisions, hadrons are surrounded by a circum-
stance with nonzero temperature, and thus the effects of
temperature should be taken into consideration. Nuclei,
although much colder than the quark-gluon plasma, are
also quantum systems with nonzero temperature. On the
other hand, studying baryons at finite temperature is a
very interesting issue from a purely theoretical point of
view: as baryons are complicated excited states of the
SU(3) gauge field, one naturally concerns their counter-
parts in a quantum field with a finite temperature.
In this paper, we study the spectrum of spin-1/2
baryons at a finite temperature using a bottom-up
AdS/QCD model. We deal with thermal effects in field
theory through modifying the AdS spacetime into the
AdS-Schwarzchild spacetime with an IR cutoff. Chiral
2symmetry breaking, which is essential for hadron masses,
is also taken into account. Solving this model mathemat-
ically, we derive an eigenvalue equation to calculate the
masses of baryons. We then investigate the effects of
temperature on baryon masses with the help of numeri-
cal calculations.
This paper is organized as follows: In Sec. II, we de-
scribe the AdS/QCDmodel for baryons at finite tempera-
ture. In Sec. III, we solve this model mathematically and
get an ordinary differential equation eigenvalue problem
for the baryon masses. Then we discuss the method for
solving this problem and present our numerical results.
Finally, in Sec. IV, we briefly summarize our results.
II. ADS/QCD MODEL FOR BARYONS AT
FINITE TEMPERATURE
The AdS/CFT correspondence in zero temperature has
a 5D AdS spactime
ds2 =
1
z2
(ηµνdx
µdxν − dz2), (1)
where ηµν = diag{+1,−1,−1,−1} is the 4D Minkowski
metric. As mentioned in Sec. I, we should introduce an
IR cutoff in the z direction because QCD is not a con-
formal field theory. There are two kinds of IR cutoff
methods, one is the “hard-wall” method: to restrict the
z coordinate in the range ε ≤ z ≤ zm [5]; the other one
is the “soft-wall” method: to modify the AdS metric by
a decay factor exp (−k2z2) [7]. The soft-wall method ex-
hibits better Regge behavior in the high excited region
but is more difficult to calculate. Another subtlety of the
soft-wall method is that the boundary conditions cannot
be managed uniformly in the zero temperature case and
nonzero case [17]. Since our paper aims to investigate
the thermal effects rather than to get a better agreement
with experimental data in zero temperature [23], we will
use the hard-wall method for simplicity and mainly focus
on low excited states.
To consider the nonzero temperature, we should use
the AdS-Schwarzchild background instead,
ds2 =
1
z2
(
f2(z)dt2 − (dxi)2 − 1
f2(z)
dz2
)
, (2)
where f2(z) = 1 − z4/z4h. The Hawking temperature of
the black hole (it equals the temperature T of the 4D field
theory) is TH = 1/pizh. Note that when T → 0, zh →∞,
f(z) → 1, the metric (2) goes back to the AdS metric
(1); thus our theory is continuous in the neighborhood of
zero temperature.
However, there is an extra problem in the T 6= 0 case.
The term 1/f2(z) in the metric (2) has a singularity at
z = zh, where the black hole horizon locates. Note that
we also have ε ≤ z ≤ zm according to the hard-wall
method. When the temperature is low, zm < zh, the
singularity is excluded by the IR cutoff and thus we do
not need to consider it. However, when the tempera-
ture is in a high region such that zm > zh, the singu-
larity should be taken into consideration and will cause
some consequences indeed [21, 22]. Physically, it corre-
sponds to the transition from the confinement phase to
the quark-gluon plasma phase. The critical temperature
is roughly Tc = 1/pizm, at which point zm = zh. How-
ever, as hadrons have “melted” into quarks and gluons in
such a high temperature, it is meaningless to talk about
their masses. In this paper, we will focus only on the case
when the temperate is below the critical temperature Tc,
and thus we do not need to consider the singularity in-
troduced by the black hole horizon.
There have been some AdS/QCD models for baryons
at zero temperature. We will briefly review a model de-
veloped in [14] and generalize it into a finite-temperature
version. Our description below is valid in the nonzero
temperature case, and we will compare our results with
those in the zero temperature condition when necessary.
As QCD has a SU(2)L×SU(2)R symmetry, we need to
introduce two 5D gauge fields AL and AR, whose bound-
ary values play as the sources for SU(2)L × SU(2)R cur-
rents according to the general AdS/CFT principle. We
should also introduce a scalar field X in the 5D back-
ground to realize the chiral symmetry breaking. As this
breaking is both explicit and spontaneous, we have two
parameters: the current quark mass mq and the quark
condensate σ = 〈q¯q〉.
The 5D action of this boson sector can be constructed
as
SX =
∫
d5x
√
gTr
[
|DX |2 −M25 |X |2 −
1
2g25
(F 2L + F
2
R)
]
,
(3)
where FL/R is the field strength tensor corresponding to
AL/R, D is the covariant derivative, and
√
g = 1/z5 is
the square root of the metric determinant. Solving the
equation of motion for X , one gets [16]
X(z) =
1
2
mqz 2F1(
1
4
,
1
4
,
1
2
,
z4
z4h
) +
1
2
σz32F1(
3
4
,
3
4
,
3
2
,
z4
z4h
),
(4)
where 2F1 is the hypergeometric function. When T = 0,
X = (mqz + σz
3)/2, which accords with the results of
previous works at zero temperature case. The 5D gauge
coupling g5 can be fixed by matching the 5D vector corre-
lation function to that obtained by the operator product
expansion (OPE) method [24, 25], and the quark conden-
sate parameter σ can also be fixed following [14, 26]
g5 =
√
12pi2
Nc
= 2pi, σ =
4
√
2
g5z3m
. (5)
To study baryons with spin-1/2, we introduce a couple
of bulk spinors N1 and N2 as in the ordinary model.
Following the 4D Dirac Lagrangian L = ψ¯(i/∂−m)ψ, one
3can construct the 5D action as
SN =
∫
d5x
√
g (6)
×
[
i
2
N¯eMa Γ
a∇MN− i
2
(∇†M N¯)eMa ΓaN−m5N¯N
]
,
where N stands for N1 and N2, Γ
a = (γm,−iγ5) is the
5D Gamma metric, eMa denotes the vielbein satisfying
gMN = e
a
Me
b
Nηab, and ∇M is the covariant derivative
with spin connection ωabM included:
∇M = ∂M + i
4
ωabMΓab − i(AaL)M ta, (7)
where Γab = [Γa,Γb]/2i.
The mass for the 5D bulk spinor is determined by the
general AdS/CFT expression
m25 = (∆−
d
2
)2, (8)
where d = 4 and ∆ is the scaling dimension of the
boundary operator. There is an anomalous dimension
in strongly coupled QCD; however, people do not know
how to calculate it. From a practical point of view, one
can simply take it as an additional parameter or fix it to
the ordinary dimension ∆ = 9/2.
At last we consider the chiral symmetry breaking part.
Since the bulk scalar should flip N1 and N2, it is natural
to introduce the following Yukawa coupling between two
bulk spinors,
LI = −g[N¯1XN2 + N¯2X†N1], (9)
where g is a Yukawa coupling constant, a parameter in
our model. Another physical argument for constructing
this term can be found in [26].
III. MATHEMATICAL METHODS AND
NUMERICAL RESULTS
The vielbein and spin connection are more complex
in the AdS-Schwarzchild background than those in the
ordinary AdS background. As we will see later, the tem-
perature will influence the baryon masses through this
complexity. Using gMN = e
a
Me
b
Nηab, we can choose the
vielbein as (the minus sign in the last component is a
matter of convention; we follow this convention to make
our result agree with previous works in the zero temper-
ature case)
eaM =
1
z
· diag
{
f(z), 1, 1, 1,− 1
f(z)
}
. (10)
The corresponding inverse vielbein is eMa = z ·
diag{1/f(z), 1, 1, 1,−f(z)}.
The spin connection can be worked out through its
definition ωabM = −eKb∂MeaK+eaLeKbΓLKM , and the result
is
ω500 = −ω050 =
1
z
(1 +
z4
z4h
), ω5ii = −ωi5i =
1
z
. (11)
Other components we do not list here are zero. Note that
it is antisymmetry between two upper indexes.
Extremizing the action (6), we get the Dirac equation
for the bulk spinors:
(ieMa Γ
a∇M −m5)N = 0. (12)
Putting vielbein (10) and spin connection (11) into the
above equation and ignoring the interaction term with
the vector fields following [13], we get the following equa-
tion:[
−fγ5∂5 + 1
f
γ0i∂0 + γ
ii∂i +
(3f2 +
1
2f )γ
5 −m5
z
]
N = 0.
(13)
With the Fourier transformation of four boundary coor-
dinates and the consideration of one Fourier component
N(t, x, z) = N(z)e−ipx, the above equation becomes[
−fγ5∂5 + 1
f
γ0p0 + γ
ipi +
(3f2 +
1
2f )γ
5 −m5
z
]
N(z) = 0,
(14)
whereN(z) is a four-component bulk spinor, independent
of the spatial and time coordinates.
To get a result comparable to earlier works, we decom-
pose N(p, z) as
N(p, z) = NL(p, z)+NR(p, z) = UL(z)ψL(p)+UR(z)ψR(p),
(15)
where ψL(p) and ψR(p) are the solutions of the 4D Dirac
equation with eigenvalue p˜ = (p0/f, pi):
(
1
f
γ0p0 + γ
ipi)ψL/R(p) = /˜pψL/R(p) = m(z)ψR/L(p).
(16)
Here m(z) = |p˜| =
√
(p0)2/f2(z)− (pi)2. Under decom-
position (15), Eq. (14) finally becomes[
∂z −
3
2 +
1
2f2(z) +
m5
f(z)
z
]
UL(z) = −m(z)
f(z)
UR(z),
[
∂z −
3
2 +
1
2f2(z) − m5f(z)
z
]
UR(z) =
m(z)
f(z)
UL(z).
(17)
In these equations, UL/R(z) denotes U1L/R(z) and
U2L/R(z). As we have not considered Yukawa coupling,
there is no mixing between U1 and U2, so we can combine
the subscripts 1 and 2 here. Otherwise, there would be
four equations.
By analyzing the behavior at the UV side and requiring
U1L and U2R to be normalizable, we choose m5 > 0 for
U1 and m5 < 0 for U2 [14]. Boundary conditions are the
4same as the zero temperature case
U1L(ε) = U1R(zm) = U2R(ε) = U2L(zm) = 0. (18)
It is important to remark that the x0 coordinate and
the xi coordinates are not symmetric in Eq. (14) because
of the term 1/f . Physically, it is caused by the nonzero
temperature. As we know, in a quantum field theory
at finite temperature, the time interval equals the re-
ciprocal of the temperature; thus the Lorentz symmetry
is superficially broken. In this circumstance, we should
be careful of the definition of the boundary mass. If
we focus on the mass of static particle (pi = 0), then
m(z) = p0/f(z) = m/f(z), where m is the mass of the
baryon in the4D boundary.
Finally, we take the coupling term (9) into account.
Extremizing the whole action, one can easily see that
Eqs. (17) need only to be modified to
(
U ′1L
U ′2L
)
=
(
∆+
z φ(z)
φ(z) ∆
−
z
)(
U1L
U2L
)
− m(z)
f(z)
(
U1R
U2R
)
,
(
U ′1R
U ′2R
)
=
(
∆−
z −φ(z)
−φ(z) ∆+z
)(
U1R
U2R
)
+
m(z)
f(z)
(
U1L
U2L
)
,
(19)
where ∆± = 3/2 + 1/2f2(z) ± |m5|/f(z) and φ(z) =
X(z)/z.
Equations (19), along with the boundary conditions
(18), are the main results of our paper and the start-
ing point of our discussion below. As the current quark
mass mq is insignificant compared with the total hadron
mass (that is to say, the mass of a hadron mainly
comes from spontaneously chiral symmetry breaking), we
take the chiral limit mq → 0 below, and thus φ(z) =
1
2gσz
2
2F1(3/4, 3/4, 3/2, z
4/z4h).
One can easily see that these equations have nonzero
solutions only for special parameter m. Indeed, as they
are linear equations, we could fix U1L(zm) = 1 and ad-
just U2R(zm), trying to get a solution with U1L(ε) =
U2R(ε) = 0. However, U2R(zm) has only one degree of
freedom while U1L(ε) = U2R(ε) = 0 are two equations.
So we arrive at an eigenvalue problem, the eigenvalues of
which are exactly the masses of boundary baryons. As
there is no analytical solution to these questions, we will
solve them numerically. However, different from the gen-
eral eigenvalue problem, we can provide a formal method
here, using its linear and first order properties.
The key idea is to convert the boundary value problem
to several initial value problems and derive an eigenvalue
equation. By setting the initial condition at the IR side as
U1L(zm) = 1 and U2L(zm) = U1R(zm) = U2R(zm) = 0,
the first order equations generate the values at the UV
boundary (
U1L(ε)
U2R(ε)
)
=
(
a
b
)
.
Then setting the initial condition to be U1L(zm) =
U2L(zm) = U1R(zm) = 0 and U2R(zm) = 1, we assume(
U1L(ε)
U2R(ε)
)
=
(
c
d
)
in this case. As the differential equations are linear, the
following equation will be satisfied by any solutions:(
U1L(ε)
U2R(ε)
)
=
(
a c
b d
)(
U1L(zm)
U2R(zm)
)
. (20)
Here a, b, c, and d are functions of m, in fact, and
are dependent on parameters T , g, and zm because they
appear in Eq. (19). For the equations to have a nonzero
solution satisfying U1L(ε) = U2R(ε) = 0, the determinant
of the coefficient matrix in (20) must be zero. Let
FT,g,zm(m) = ad− bc, (21)
and then the roots of FT,g,zm(m) = 0 are the masses of
baryons.
This equation allows us to determine the masses of
baryons with fixed parameters T , g, and zm, or to find
the best g and zm at zero temperature to make the pre-
dicted mass spectrum in accordance with experimental
data. We can also fix g and zm and change temperature
T to investigate the thermal effects on baryon masses,
which is the subject of our paper.
We now present the results of the numerical calcula-
tions and discuss them. First, we focus on the T = 0
case. If we use zm fixed by the meson sector [24],
zm = (0.33 GeV)
−1, we have only one free parameter
g to reproduce the data in the baryon sector. Using the
proton mass 940 MeV as an input, we get g = 8.64,
which is almost the same as that listed in [14, 27]. In
this circumstance, the higher excited states N+(1440)
and N−(1535) are not predicted well. However, as there
is no reason for the baryon sector to have the same IR cut-
off zm with the meson sector, we may choose zm as a pa-
rameter and try to get the most acceptable baryon mass
spectrum. Moreover, as mentioned before, we can also
choose m5 as another free parameter because of the un-
known anomalous dimension. Numerical results of these
three sets of parameters are listed in Table I.
m5 zm g p N
+ N− 3rd 4th 5th 6th
2.50 (0.33)−1∗ 8.64 0.94* 2.14 2.25 3.25 3.31 4.30 4.34
2.50 (0.205)−1 14.8 0.94* 1.44* 1.505 2.08 2.12 2.72 2.76
1.56 (0.223)−1 18.5 0.94* 1.44* 1.535* 2.09 2.09 2.73 2.75
TABLE I. Numerical results for baryon masses at zero tem-
perature with various parameters m5, g, and zm. All dimen-
sional quantities are expressed in units of GeV. An asterisk
means an input we use to fix parameters.
We illustrate in Fig. 1 the image of FT,g,zm at T = 0 for
two sets of parameters g and zm. In this figure, intersec-
tions of the curves and x-axis correspond to the masses
5zm = 0.33-1, g = 8.64
zm = 0.205-1, g = 14.8
1.5 2.0 2.5 3.0 3.5 4.0-5
0
5
10
15
20
25
FIG. 1. The image of function FT,g,zm (m) for various values of
parameters [dashed line for 106F (m) with T = 0, g = 8.64 and
zm = (0.33 GeV)
−1; solid line for 3 × 106F (m) with T = 0,
g = 14.8, and zm = (0.205 GeV)
−1]. The zero points of F (m)
correspond to baryon excited states. Note that excited states
arise in pairs.
of corresponding baryons. Note that the intersections
arise in pairs, which means a “parity-doublet pattern”
of excited baryon states. This phenomenon is indeed a
starting point to construct the Yukawa coupling (9) and
has been further discussed in [26], where an approximate
equation is used for simplicity.
Next, we calculate baryon masses in nonzero temper-
ature. In Fig. 2, we illustrate the temperature depen-
dence of the masses of the proton and the first two ex-
cited states, with fixed parameters m5 = 5/2, zm =
(0.205 GeV)−1 and g = 14.8. In this figure, one can
see that the masses decrease while the temperature is
increasing. When the temperature is low, masses are
almost constant; however, the decreasing rate becomes
larger when the temperature further increases. For exam-
ple, when temperature rises to 30 MeV, the proton mass
decreases from 0.939 GeV to 0.929 GeV, with only 1.1%
of the original mass lost; when the temperature rises to
50 MeV, the proton mass decreases to 0.843 GeV, with
10.2% lost. This temperature dependence is consistent
with the result from the chiral perturbation theory in
two loops [28] and that from the lattice calculation [29].
Other AdS/QCD models constructed for mesons and
glueballs [16–18] also give similar conclusions.
IV. SUMMARY AND OUTLOOK
In this paper, we studied the temperature dependence
of baryon masses using an AdS/QCD model. This model
is described by a 5D AdS-Schwarzchild spacetime with
an IR cutoff for the extra dimension and a couple of bulk
spinors in this 5D background. We obtained a set of
ordinary differential equations that are suitable for low
temperature and then derived a formal eigenvalue equa-
tion.
NH1535L
NH1440L
p
0.00 0.01 0.02 0.03 0.04 0.05
0.6
0.8
1.0
1.2
1.4
1.6
FIG. 2. The temperature dependence of baryon masses when
g = 14.8 and zm = (0.205 GeV)
−1. We show the masses of the
proton and the first two excited states here. The temperature
and masses are expressed in units of GeV.
In the zero temperature case, our equations are con-
sistent with previous works, and our eigenvalue equation
can reproduce the same baryon masses. In the nonzero
temperature case, we numerically studied thermal effects
on the masses of low excited states and got an interesting
result: in the low temperature region where the mass of a
baryon is meaningful, the mass decreases with increasing
temperature. As a result, one should take this effect into
consideration while studying baryons at the finite tem-
perature environment, such as the quark-gluon plasma
and nuclei. This effect is ignorable at a very low tem-
perature; however, as the temperature increases (lower
than the transition temperature), it becomes significant
and should not be ignored. Our result is consistent with
those from chiral perturbation theory, lattice calculation,
and other AdS/QCD models.
As we mentioned in the Introduction, studying hadrons
at a finite temperature is meaningful both practically and
theoretically. This paper can be regarded as a prelimi-
nary attempt to study baryons at finite temperature in
the bottom-up AdS/QCD framework. While we showed
that the temperature has effects on baryon masses and
AdS/QCD correspondence is suitable for this question,
the temperature may have other effects that remain to
be studied. In addition, a deeper understanding of QCD
at a finite temperature from the AdS/QCD perspective
also deserves further research.
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